The micromechanical approach to topology design consists in de ning a domain of porous material, including the loads and supports, and nding an optimal distribution of the densities. The usual method is to mesh the structure and assign a di erent density and material orientation to every element. Optimal topologies emerge when using the densities and orientations as design variables in a mathematical programming formulation in conjunction with a nite element analysis program. This paper presents the Aboudi method of cells, an analytical method to compute the elastic properties of composite material, and applies it to determine the mechanical properties of porous material as a function of the density of material. It is shown that the results are similar to those obtained by special nite element analysis set up to compute the elasticity matrix. The procedure is visualized on simple cantilever design problems and used within the context of a stressratio redesign scheme.
Introduction
The ultimate structural design problem is probably to dene a set of loads and a reaction surface, and to look for the 'best' structure which will transfer the applied loads to the supports. Ground braking work by Michell (1906) yielded solutions for minimum volume structures under stress constraints years before Mathematical Programming techniques emerged as an engineering tool for structural design. The 'Michell' structures are often considered as theoretical lower bounds since they are di cult to implement in practice. Suboptimal solutions were proposed by assuming that the structure is a truss and by removing bars from an initial ground structure which considers all possible connectivities between a set of assumed nodes. A comprehensive review of these and related papers can be found in Rozvany, Bendsoe and Kirsch 6] .
In an interesting paper, Bendsoe and Kikuchi 3] have used an alternative approach which consists in starting from a bloc of material (membranes for 2D problems) connecting the applied loads to the ground and gradually removing structurally ine cient material. The novel idea was to use a porous material (micro voids) with a spatial distribution of densities d (ratio of material volume to reference volume). The structure is typically analyzed by a Finite Element (FE) method were every element has a di erent density. Treating these densities and material orientations as design variables in a mathematical programming scheme the procedure eventually settles on a solution which is optimal with respect to the objective function and the constraints. Assuming a rectangular reference area (constant thickness membrane) and rectangular embedded voids the elastic properties of the material are orthotropic. The authors advocate to take advantage of the orthotropy and to introduce an additional design variable per element, the local orientation of the void. It is argued that orthotropy enhances the streamlining of the stress trajectories and helps the structure to converge on a nal design with either d = 1 (material) or d = 0 (void). Indeed, intermediate values of d can hardly be used due to the porous nature of such a material.
A major obstacle in this approach is the evaluation of the elastic properties of a porous material with given d. The usual method is to conduct a series of preliminary FE analysis of materials with di erent ds and to use an interpolation technique to cover the 0 d 1 range. This is a rather time consuming approach and requires also experience in meshing a discontinuous domain. The purpose of this paper is to describe Aboudi's Micromechanical Method of Cells 1] which allows to compute the elastic properties for a given inclusion pattern in a fraction of the time without the need for FE models. The technique was developed in the context of ber reinforced materials. One assumes that a cross-section perpendicular to the bers direction consists of a doubly periodic array of unit cells as depicted in Fig. 1 .
The reference cell is composed of 4 rectangular subcells, one representing the ber and the remaining 3 subcells, the matrix. The Aboudi model gives us the elasticity matrix C of the orthotropic material as a function of the elastic constants of its isotropic constituents. This is done by writing displacements and traction continuity at the interfaces between the subcells. This leads to a set of linear equations which can then be solved for the elastic constants.
The paper then applies the technique to simple examples of shape design of 2D structures employing a redesign algorithm based on a stress-ratio concept. The design variables are the densities and material orientations. Several results are presented and discussed.
2. The method of cells Consider a representative cell in Fig. 1 . The porous material can be construed as a juxtaposition of this typical cell in the horizontal and vertical directions. The Aboudi model for composite structures is based on this repetitive nature of the material. The typical cell is shown in detail in Fig. 2 . The drawing depicts a cross-section, in plane and elsewhere. Herein we will describe in broad lines the path followed in Paley and Aboudi 5 . One attaches to the middle of every cell a coordinate system x parallel to the general cell coordinates x. We next assume, in every cell, a displacements (6) where D is the strain matrix (a linear di erential operator). The next step is to require continuity of displacements and continuity of tractions at the interfaces of the subcells. Across interfaces BI and DF (Fig. 2 ) the continuity expression are obvious. Across HJ we demand that what prevails to the left of HJ (in zone = 2) should be equal to corresponding quantities to the right of AC (in zone = 1). This follows from the repetitive nature of the material layout. A similar reasoning is applied to the continuity requirements across CJ. Making allowance for (6) and the constitutive law of the subcells (1) we obtain after some manipulation of the expressions 24 linear relation between the 24 average strains (24) in the 4 subcells and the overall 6 average strains in the representative cell.Ã 3. E ective properties of microvoid composites In this section the method of cells will be applied to the particular case of a porous material where the inclusions (material 1) are microvoids in an otherwise isotropic metallic matrix (material 2). We assume that the representative cell of the porous material is a square of uniform thickness, of area A = a a and that the inclusion (void) has an area A 1 = a a, with 0 < < 1 (see Fig. 3 ). Lam e's constants. Note also, the orthotropic nature of the porous materials can be seen from the nonlinearity of the curves in Fig. 4 . If we would have a continuous variation of isotropic material from void to steel the curves would be linear. In the following, the material will often be used in di erent parts of the structural model, with di erent inclinations with respect to the global system coordinates.
De ning as the rotation angle (Fig. 3) of the local axis of the material with respect to the system coordinates a congruent transformation of the type RCR T , where R is the rotation matrix, will yield the elastic properties of the material in system coordinates. 
Topology design
We can now tackle topology design. Consider the problem of designing a structure to support a vertical load P at a wall, some distance away (Fig. 6a) . We are seeking for some method for designing a suitable structure.
Let us assume a ground structure in the form of a membrane of uniform thickness, xed at the wall and supporting the applied load at the opposite side. The automatic design procedure should chop o material at ine cient locations, and leave us with a structure were the material is concentrated along sound load paths. The method advocated in these types of applications is to build a nite element model of the plate and assume for every element j a porous material with its own density d j and orientation j with respect to the global system of coordinates (Fig. 6b,c) 00  00  00  00  00  00  00  00  00  00  00  00  00  00  00  00  00  00  00  00   11  11  11  11  11  11  11  11  11  11  11  11  11  11  11  11  11  11  11  11  11 00  00  00  00  00  00  00  00  00  00  00  00  00  00  00  00  00  00  00  00   11  11  11  11  11  11  11  11  11  11  11  11  11  11  11  11  11  11  11 variables play their role. It was conjectured in Bendsoe and Kikuchi and also numerically veri ed in numerous examples that including the element rotation variables into the optimization scheme helps in reducing the grey areas thus producing clear 0/1 solutions. Favorably oriented orthotropic elements will draw material, thus increasing its density and restoring isotropy. Elements less favorably oriented will loose material and converge into voids.
One will notice that this type of reasoning lies at the heart of the stress-ratio method for designing stress
where k is the iteration index, i is the axial stress in bar i and is the allowable stress of the material both in tension and in compression. This engineering rule of thumb is still used extensively and was shown to produce sound, and under certain conditions, even optimal designs. The reason for its popularity is that it usually converges in very few iterations and produces near optimal results without employing nonlinear mathematical programming algorithms. We have opted to employ a sim- where j eq j i is the absolute value of a representative equivalent stress of element i, j eq j max is the maximum value of all the j eq j i 's and is the angle that the maximum principal stress of element i (in absolute value) is making with the system coordinates. Iterations (14) guarantee that the densities will remain within the limits 0 < d i < 1 and that elements with high relative stresses will see its densities increased. It should be noted that the rotation of the material i is central to the redesign philosophy.
In order to compare the present method with a more classical approach the examples were also solved in an isotropic medium by using the plate thickness t i of the elements as design variables. We can now compare the present micromechanical approach with what is obtained by reducing the plate thickness of an isotropic plate by using a similar stress-ratio approach. In conclusion, we present two modi cations to the classical approach which make the method easier to implement. In a rst instance we advocate the use of Aboudi's micromechanical model instead of separate nite element modelings, for computing the elastic constants of the porous materials. In addition we shortcut the mathematical programming part by using a simple stress-ratio relation for the redesign steps. part of the enterprise was tying it all together. The main steps where controlled by Ansys control commands. The structures which were tested have rather simple boundaries and the meshing was readily automated. The elements were constant stress, 4 node quadrilateral elements: PLANE13 elements for the density design and PLANE42 elements for the thickness design. These elements are similar except for their versatility. Element PLANE13 allows one to enter explicitly the coe cients of the elasticity matrix C , a feature with is essential in the density design problem. Since every element has di erent elastic properties and orientation, Ansys was run with a separate material property number for every element of the model. Two typical examples were tested (Fig. 7) . Case (a) is a narrow cantilever plate consisting of 10 40 = 400 square elements and case (b) is a wide cantilever plate with 32 20 = 640 square elements. The left part of Fig.  9 shows the results for density variables (14) and the right part of the same gure correspond to thickness variables, both after 5 iterations. What is drawn are equivalue lines of d -case (a)-and t -case (b)-starting from 0.1 up to 0.9 with increments of 0.1. The extreme inner and outer lines have density (or thickness) 0.1. The innermost lines have value 0.9. As can be expected, the procedure designs in both cases a two bar frame where load P is carried essentially by axial forces with little bending (truss action). The main di erence between the designs is the spread of the results. In both cases material piles up along distinct load paths however the density design gives a better denition of the structure. Using a metaphor from statistical analysis, both designs give almost the same mean, however the density design has a smaller variance. Regarding the latter, the little white squares along the legs of the truss are zones for which the density is 0:9 < d < 1:0.
Along the legs we have thus undulations of material with densities moving from d = 1, dipping into lower values, returning to one, and so forth. This alternation of densities was also detected in previous applications 3 . Such a phenomenon is inexistent with thickness variables. Finally, the procedure, especially with density variables, su ers from stress-concentration problems. This can be noted from the spread of the isovalue curves at the root and at the point of application of the loads. To alleviate the stress-concentration e ects the load was applied in 2 rows of 3 nodes each. Also, iterations (14) or (15) were applied on a row by row basis. One would sequentially select the elements of a row of the FE model and redesign that row only. That is, j eq j (k) max was sequentially taken as the maximum value on the given row of elements. This helped in over coming the stress concentration e ects. Indeed, selecting the highest stress in the model for j eq j (k) max anywhere in the domain, invariably pushed the densities and thicknesses of the structure to values close to zero.
Similar results where obtained for the cantilever in case (b) as shown in Fig. (9) . In this case the height of the cantilever zone was limited and the design of case (a) starts with truss action until the upper and lower boundaries are reached at which point the design moves into a beam action with tension in the upper leg and compression in the lower leg. The isovalue lines can easily be followed. Starting from a value of 0.1 for the leftmost and rightmost curves, the isovalue lines pile up towards the center where the value is 0.9. The contrast between density and thickness design is remarkable. The density results are very convincing with concentrated material along the axial load path and some spread in the zone where truss action moves into beam action, where bending stresses are present. Note, the white patches along the truss legs are zones of 0:9 < d < 1:0. Thickness variables yielded similar design but with substantial spread of material. In this case the iterations were conducted on vertical strips of elements.
Conclusions
The purpose of the paper was to implement the micromechanical approach to topology design of structures by means of the method of cells. This analytical method for computing the elasticity matrix of ber reinforced composite material proved to be very e cient and produces results similar to what can be obtained via a FE model of a typical microcell. Instead of performing a FE analysis for various values of the density the method of cells provides the solution by a set of linear equations. To implement the micromechanical model a simple stress-ratio type algorithm was used. It proved to be very e cient and produced sound results in as few as 5 iterations. When comparing the micromechanical approach with a classical thickness design method, the advantage of the micromechanical method becomes evident.
